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Momentum Variable Procedure for Solving Compressible
and Incompressible Flows

M. Darbandi¤ and G. E. Schneider†

University of Waterloo, Waterloo, Ontario N2L 3E5, Canada

Navier–Stokesequationsare solved for both compressible and incompressible � ows using momentum component
variables instead of the usual velocity variables as the dependent variables. The numerical procedure is developed
in a control-volume-based, � nite element context. The procedure is determined in a pressure-based algorithm
rather than the density-based algorithms, which compressible methods normally use. The proper selection of
the connections between the variables on control volume surfaces and the main nodal values allow the use of a
collocated grid arrangement. The compressible and incompressible results of this algorithm are investigated by
testinga numberof test cases includingthe driven cavity,anentrance region� ow, anda converging–divergingnozzle
� ow. The results indicate that the momentum component procedure is quite successful for solving compressible
and incompressible � ows within a single algorithm.

Nomenclature
F; G; f; g = momentum components at node and integration

point (IP)
F ; G = convection � uxes
M = Mach number
Ni = � nite element shape functions
P; p = pressure at node and IP
Q; q = conserve quantity vector at node and IP
R = gas constant
R; T = diffusion � uxes
Re = Reynolds number
T = temperature
t = time
U; V; u; v = velocity components at node and IP
V = the volume of control volume
x; y = global Cartesian coordinates
¹ = viscosity
½ = density
¿ = stress tensor components

Subscript

ip = IP values; Fig. 1

Superscripts

o = previous time step value
N = lagged from previous iteration

Introduction

T HE idea of developingcodescapableof solvingboth compress-
ible and incompressible � ows has been largely investigated

in � nite element, � nite difference, and control-volume algorithms.
Early attempts go back to the � nite difference work of Harlow and
Amsden,1 whose scope of applicability is limited. Zienkiewicz and
Wu2 developeda general explicit and semiexplicitprocedure; how-
ever, the use of the nonconservativeform of the equations could re-
sult in differentshockbehaviorthan that involvingfull conservation.
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Chen andPletcher3 developeda � nite difference-basedalgorithmfor
solving the time-dependent Navier–Stokes equations applicable to
low Mach number � ows.

Most of the control-volume-basedmethods for � ow at all speeds
return to the incompressiblework of Patankar and Spalding,4 SIM-
PLE, in which the continuityequationis consideredas the constraint
equation for pressure. Issa and Lockwood5 extended a SIMPLE-
based algorithm to solve compressible � ow. Van Doormal et al.6

used modi� ed versions of SIMPLE to show that a pressure-based
methodcan be extended to includecompressible� ows. The control-
volume-based, � nite difference method of Karki and Patankar7 is
also based on the compressible form of the SIMPLE algorithm for
solving the steady-state form of the equations. Shyy et al.8 also
developed a similar procedure using a multigrid algorithm. All of
these control-volume-basedsolvers are formulated on a staggered
grid arrangement, which guarantees the coupling of velocity and
pressure � elds.4;9 Contrary to a staggered grid arrangement, the
collocated grid needs special treatment for the coupling of velocity
and pressure. For example, Rhie and Chow10 speci� ed two veloc-
ity � elds to suppress the decoupling problem. However, Schneider
and Raw11 used a collocated grid approach in their incompress-
ible method, which considers the physical in� uence aspects of � ow
in integration point equations. Karimian and Schneider12 proposed
two velocity � elds for the latter method to suppress the decoupling
problem that could arise under special circumstances. They later
extended their method for solving compressible � ows.13

Generally, all of the methods mentioned use velocity compo-
nents as the dependent variables. However, another choice is the
momentum component, which may result in advantages such as
extending an analogy that permits incompressible methods to be
used to solve for compressible� ows,14 simplifying the linearization
procedure, realizing fewer oscillations passing through a shock,15

etc. Basically, most all-speed methods are extensions of incom-
pressible methods to compressible � ows.6¡8;13 Hence, they use the
incompressible dependent variables, i.e., velocity components, to
solve compressible � ows. The idea of using momentum variables
instead of velocity variables was � rstly introduced by Darbandi
and Schneider16 for � ows at all speeds. That implicit collocated
approach is now extended and tested for solving two-dimensional
� ows.

Domain Discretization
We follow the collocated grid approach of Schneider and Raw,11

which is control volume based (Fig. 1a). In this approach,nodes are
located at the corners of the element and will be the locations of all
problemunknowns.A local nonorthogonalcoordinatesystem .»; ´/
is de� ned inside each element. Finite element shape functions will
be used to relate the global and local coordinates to each other.
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a)

b)
Fig. 1 Domain discretization and velocity upwinding.

Computational Modeling
Governing Equations

The desired governing equations are written as

@q
@ t

C @F.q/

@x
C @G.q/

@y
D @R.q/

@x
C @T .q/

@y
.1/

where q D .½; ½u; ½v; ½e/T , F D .½u, ½u2 C p, ½uv; ½uh/T , G D
.½v, ½vu; ½v2 C p; ½vh/T , R D .0; ¿x x ; ¿x y ; ¾x /T , and T D .0; ¿yx ,
¿yy ; ¾y/

T . The components of the stress tensors are given by ¿x x D
2¹ux ¡ 2

3
¹.u x C vy /, ¿yy D 2¹vy ¡ 2

3
¹.ux C vy/, and ¿x y D

¿yx D ¹.u y C vx /. Here, ¾x and ¾y are the energy dissipationterms.
The equation of state, P D ½RT , is used to close the given system
of equations. Alternatively, for the incompressible � ow case the
equation of state can be written as ½ D const.

Discretization of the Governing Equations
Equation (1) is integratedover four subcontrolvolumes (SCV) of

an element(Fig. 1). Thereareonly two subsurfaces(SS) in eachSCV
that are considered in integration. Using the divergence theorem in
Eq. (1) for SCV1 yields
Z Z Z

SCV1

@q
@t

dVC
Z Z

SS1 C SS4

.F i C Gj/¢ dS D
Z Z

SS1 C SS4

.Ri C T j/ ¢ dS .2/

where dS D .4Sx /i C .4Sy/ j is the normal vector to the surface.
Because the method is fully implicit, all terms except the tran-
sient term are evaluated at the advanced time. The transient term
is approximated by the nodal value of its corresponding node, i.e.,RRR

.@q=@t/ dV ¼ JSCV1.Q1 ¡ Qo
1/=4t , where J is the Jacobian

of transformation. Uppercase variables represent values at nodal
points, and lowercase variables represent integration point values.
The density is not a major dependent variable in q and needs to be
treated properly for compressible� ow. The equationof state is used
to shift the active role of density to pressure in the continuity equa-
tion, ½ D 1=.R NT /P . The integration of the convection � ux terms
yields

Z Z

SS1 C SS4

.F i C Gj/ ¢ dS D [Fip1.4Sx /SS1 C Fip4.4Sx /SS4]

C [Gip1.4Sy /SS1 C Gip4.4Sy/SS4] (3)

F and G are nonlinear in terms of momentum component variables
and need linearization. At this stage, we simply linearize them to
F ¼ . f; Nu f C p; Nug; Nf h/T and G ¼ .g; Nv f; NvgC p; Ngh/T ; however,
there are other possible forms of linearization in the literature.16

The lagged velocities are calculated explicitly from known values
of the preceding iteration, as is explained later. The integration of
the diffusion � ux terms of Eq. (2) yields

Z Z

SS1 C SS4

.Ri C T j/ ¢ dS D [Rip1.4Sx /SS1 C Rip4.4Sx /SS4]

C [Tip1.4Sy /SS1 C Tip4.4Sy/SS4] (4)

Stress terms in R and T are in terms of velocitycomponents.There-
fore, the following substitutionreforms them to an appropriateform
in terms of momentum variables, i.e., @u=@x D .1=½/.@ F=@x/ ¡
.u=½/.@½=@x/. The second term on the right-handside is calculated
explicitly and treated as a source term. The � rst term is calculated
using � nite element shape functions. For the sake of brevity, the
procedure is written for the @u=@x case on SS1, i.e.,

Z Z

SS1

@u

@x

­­­­
ip1

i ¢ dS ¼
"

1
N½

4X

j D 1

@ N j

@x
.F j ¡ Nu N½ j /

#

ip1

.4Sx /SS1 .5/

where j D 1–4 includes the in� uence of the nodal points at the four
corners of each element.

Integration Point Equations
As the next step, unknown variables at integrationpoints that ap-

pear in the conservationstatementsneed to be connectedto thenodal
values of the element. These connectionshave been largely investi-
gated in control-volumemethods. The integration point pressure is
simply approximated by using � nite element shape functions, i.e.,

pip1 D
4X

j D 1

.N j /ip1 Pj

However, a good approximation for the convected velocity can be
obtainedby consideringthe physical interpretationof the governing
equationsin mathematicalexpressions.In this regard,Schneiderand
Raw11 derive an algebraic approximation to the differential equa-
tions at each integrationpoint that includes the physics and relevant
couplings. Following their method for deriving integration point
velocities, integrationpoint momentums are derived by treating the
nonconservative form of the momentum equations. In this regard,
the momentum equations are written as

@ f

@t
C Vtot

@ f

@s
¡ ¹ 52 u D ¡ @p

@x
C 5 C u

³
@½

@t
C Vtot

@½

@s

´
(6)

@g

@t
C Vtot

@g

@s
¡ ¹ 52 v D ¡ @p

@y
C 5 C v

³
@½

@t
C Vtot

@½

@s

´
(7)

where Vtot D
p

. Nu2 C Nv2/ and 5 is the remainder of viscous terms
that are not considered at this point. 5 has little importance in
� nding the correct integration point value. We derive the fip from
Eq. (6). The transient term is written in backward form, @ f=@t ¼
. fi ¡ f o

i /=4t , where the subscript i denotes the integration point
number. This model is also applied to the @½=@t term on the right-
hand side of Eq. (6) considering ½i ¼ N½i .

The convection terms are written in the streamwise direction,
which provides the correct direction of upwinding. Hence, they are
upwinded as Vtot.@ f=@s/ ¼ .Vtot/i . fi ¡ . fup/i /=.Lup/i . Lup and fup

are shown in Fig. 1b for integrationpoint 1. Note fup is interpolated
between the two adjacent nodes, which are nodes 2 and 3 for inte-
gration point 1 in Fig. 1b, . fup/1 D .a=b/F2 C .1 ¡ .a=b//F3 . This
procedure is similarly applied to the @½=@s term on the right-hand
side of Eq. (6) considering½i ¼ N½i and ½up ¼ N½up. The pressure term
in Eq. (6) is treated by

@p

@x
¼

4X

j D 1

³
@N j

@x

´

i

Pj
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The role of the incompressible part of the diffusion term is con-
sidered as active in deriving f . Considering the elliptic nature of
diffusion, the Laplacian operator is approximated by

52u D 52

³
f

½

´
¼

"
4X

j D 1

.N j /i

N½ j
F j ¡

³
f

N½

´

i

#,
¡
L2

d

¢
i

.8/

where Ld is an appropriate diffusion length scale.11 This approxi-
mation reduces to

fi ¼
4X

j D 1

N j F j

when diffusion dominates the convection. The substitution of the
models in Eq. (6) will � nally yield

f f g D [C f f ]fFg C [C f p]fPg C fC f g .9/

where C f f and C f p are two 4 £ 4 matrices, which indicate the
effect of the F and P � elds on f . C f is a 4 £ 1 known array. The
� rst and second superscripts of the C indicate to which equation
and parameter of equation it belongs, respectively. An expression
similar to Eq. (9) could be similarly derived for g by starting from
Eq. (7). It yields

fgg D [Cgg]fGg C [C gp]fPg C fC gg .10/

These integration point momentums are substituted into the mo-
mentum parts of the linearizedF and G. A similar procedureon the
nonconservativeformof the energyequationresultsin an expression
for integration point temperature.

Mass Conserving Expressions
The expressions that we have already derived for f and g are

called convected.These expressionsare not suitable for substitution
in thecontinuityequationbecauseit may still result in thedecoupling
problemundercertainconditions.16 One remedyis to derivea second
set of expressions for f and g. The idea of using two integration
point values for a collocatedgrid arrangementgoes back to the work
of Rhie and Chow.10 Darbandi and Schneider16 derived a second
integration point equation for the momentum component, which
considers the numerical errors of both continuity and momentum
equations at the integration point. To derive a second integration
point value for f , a velocity weighted continuity-equationerror is
subtracted from Eq. (6). It is

@ f

@ t
C Vtot

@ f

@s
¡ ¹ 52 u C @p

@x
¡ 5

¡ u

³
@½

@t
C Vtot

@½

@s

´
¡ u

µ
@½

@t
C @ f

@x
C @g

@y

¶
D 0 (11)

All of the terms in the momentum part of this equation are treated
as in the preceding section. The method of discretization for the
second bracket is explained here. The u.@½=@t/ term is treated in
the same manner as the similar term in Eq. (6). The two other terms
are discretized using bilinear interpolation:

ui

³
@ f

@x
C @g

@y

´

i

¼ Nu i

"
4X

j D 1

@ N j

@x
F j C

4X

j D 1

@N j

@y
G j

#

i

.12/

The substitution of these modelings into Eq. (11) � nally results in

f Of g D [C
Of f ]fFg C [C

Of g ]fGg C [C
Of p]fPg C fC Of g .13/

This new integrationpoint expression is called the convectingmass
for f . To distinguish it from the convected one, we use a caret
on f; Of . A similar convecting expression could be derived for Og.
These integration point expressions are substituted into the conti-
nuity equation.The lagged convectingvelocities in our formulation
are calculated based on the lagged values of these variables.

Results
Because the intent of this work is to demonstrate the procedure,a

direct solver was used for the computations. Thus, it is not relevant
to present computational times for solutions in this work. The solu-
tion always started with F D G D 0 for all nonboundarynodes. For
more comprehensive results and discussions, the reader is referred
to Ref. 17.

Cavity Flow Problem
The cavity problem is tested for Re D 5 £ 103 and 7:5 £ 103.

The length scale and density are considered to be unity. Figure 2
shows the streamline contours in the cavity with a grid resolution
of 101£101. All of the � rst- and second-level vortices have been
successfullydetected despite using a relatively coarse grid. The ve-
locity pro� les at the centerlines are shown in Fig. 3. Figure 3 also
demonstrates the results of mesh re� nement studies and compares
them with the benchmark resultsof Ghia et al.,18 who use a � ne-grid
distribution of 257 £ 257. The current results show an excellent
agreement with the benchmark solution even using a coarse grid
distribution.

Next, the details of the cavity � ow are studied. Table 1 shows a
comprehensive survey on the strengths, dimensions, and locations
of the primary vortices inside the cavity with Re D 5 £ 103 . Table 1
givesprimaryP, topT,bottom-leftBL, andbottom-rightBR vortices,
where 1st representsthe levelof thevorticityin the primaryvortexin
each bottomcornerand H andV representthe horizontaland vertical
sizes of the vortex, respectively. The results demonstrate excellent
quantitativeagreement with the results of the benchmark solution.

Finally, the compressible cavity was investigated for many Rey-
nolds numbers for which the results are identical to those of in-
compressible � ow. There are reasons for such identical solutions.17

Figure 4 shows the results at Re D 1 £ 103 for M D 0:0033 and 0.9

a) Re = 5 £ 103 b) Re = 7:5 £ 103

Fig. 2 Streamlines in cavity with 101 £ 101 grid.

Vertical center line Horizontal center line
Fig. 3 Mesh re� nement study in incompressible cavity with Re = 5 £
103 and 7:5 £ 103.
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Table 1 Detail comparison of incompressible cavity � ow
results, Re = 5 £ 103

Ghia et al.18a This workb Error, %

P Ãmin ¡0:11897 ¡0:1208 1.54
x ; y 0.512, 0.535 0.515, 0.535 0.59, 0.0
Ãmax 1.456E¡3 1.414E¡3 2.91

T x ; y 0.063, 0.910 0.063, 0.9055 0.0, 0.49
H, V 0.121, 0.269 0.1211, 0.268 0.08, 0.37

1st Ãmax 1.361E¡3 1.365E¡3 0.29
BL x ; y 0.070, 0.137 0.07, 0.13 0.0, 5.11

H, V 0.318, 0.264 0.317, 0.269 0.31, 1.9
1st Ãmax 3.083E¡3 3.146E¡3 2.04

BR x ; y 0.809, 0.074 0.805, 0.0703 0.87, 5.00
H, V 0.357, 0.418 0.3568, 0.411 0.06, 1.67

aWith 257 £ 257 grid distribution. bWith 101 £ 101 grid distribution.

Vertical center line Horizontal center line
Fig. 4 Compressible cavity with M ¼ 0:0033and 0.9 and Re = 1 £ 103.

and compares them with those of the benchmark. The low Mach
number of M D 0:0033 is obtained by considering unit velocity for
the lid. This, of course, is not the lower limit for solving low Mach
number � ows.14 This high � exibility of the method in solving very
low Mach number � ows as compressible � ows is not available in
extended compressible methods that solve incompressible � ow.19

Generally, the excellence of the agreement persists for all Mach
numbers up to sonic speeds.

The cavity problem was studied as a steady-state problem, and
the results of each case were obtained using several iterations with
an extremely large time step. The number of iterations was between
10 and 20 in each case to satisfy an rms criterion of 10¡5 .

Entrance Flow Problem
The second test problem is the entrance � ow to a parallel plate

duct. The schematic development of the velocity pro� les in the en-
trance region shows a peculiar behavior close to the entrance.17

Darbandi and Schneider20 perform a comprehensive study on this
problem. They show that the magnitude of the overshoots ap-
proachesa limit with re� nement of the grid; however, the centerline
velocitydistributionis almostmesh independent.Figure 5 illustrates
the progressof the centerlinevelocityfor Re D 20. The resultsof the
current method are compared with those of Morihara and Cheng,21

who solve the quasilinearNavier–Stokes equationsfor incompress-
ible � ow. In addition, they are compared with the compressible
results of Chen and Pletcher,3 who solve for compressible and in-
compressible � ows. Generally, all of the methods tend to similar
distributions.However, Table 2 tabulates the convergencehistories
and compares the performance of the current method with that of
Chen and Pletcher.3 The grid distributions for Re D 10, 75, and
7:5 £ 103 are 21£11, 31£11, and 41£11, respectively.As is seen,

Table 2 Iterations required to achieve the criterion
in entrance � ow, M = 0:05

Reynolds 10 75 7:5 £ 103

Ref. 3 42 87 200
This work 3 3 3

Table 3 Developing � ow length

Reynolds This worka Ref. 22 Ref. 21b

0 1.3 —— 1.282
1 1.3 1.282 1.302
20 2.2 2.220 2.237
200 18.0 16.70 18.060
1 £ 103 87.5 91.080 ——
2 £ 103 170.0 168.80 171.600

aWith 101 £ 21 grid distribution. bWith 41 £ 21 grid distribution.

Fig. 5 Centerline velocity distribution in entrance region, Re = 20; U
distribution on centerline grid.

the number of time steps to achieve the convergence criterion of
10¡4 is signi� cantly lower and more stable for the current method
than that of Ref. 3.

Table 3 presents the computed developing length Xe and com-
pares it with the results of the Refs. 21 and 22. X e is de� ned as the
distance from the inlet boundary, with uniform velocity pro� le, to
the point where centerline velocity reaches 99% of the asymptotic
value.17 There is very goodagreementdespiteusinga coarsegrid.To
investigate the accuracy of the solution, the mesh size was changed
from nonuniform 101£ 21 grid to uniform 61£ 21 grid distribu-
tions. The effect of mesh size was found to be small. The number
of iterations for attaining the convergence criterion was lower by a
factor of two for the lowest Reynolds number to six for the highest
one.

Converging–Diverging Nozzle Flow
The last test case is a planar converging–diverging nozzle, which

is solved for inviscid � ow. The geometry of this symmetric nozzle
is given by y D

p
.1 C 3x2/, where ¡1 · x · C1 and y ¸ 0, with

a 10-fold stretch in the x direction. Back pressure and mass � ow
were speci� ed downstreamand upstreamof the nozzle, respectively.
Figure 6 shows the Mach number distributions at the centerline of
the nozzle for a number of grids. The results are compared with
the exact solution of the one-dimensional � ow through a nozzle.
As is seen, they show excellent agreement with the exact solution,
althougha � nergrid generallyresultsin a more accuratedistribution.

Next, the problem is tested for mixed subsonic–supersonic � ow.
The grid distribution is 51£13. In this case, the exit pressure is se-
lected in such a manner that a pressure ratio of Pexit=.P0/in D 0:795
producesshock at the section A=A¤ D 1:31 with strength M1=M2 D
2:575. The resultsare shown in Fig. 7 and comparedwith the numer-
ical and the one-dimensionalexact solutions.The exact solutionhas
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Fig. 6 Centerline Mach distribution for converging–diverging nozzle,
Mthroat ¼ 0.95; mesh re� nement study for subsonic nozzle � ow.

Fig. 7 Centerline pressure distribution and comparison for a nozzle
with Mmax ¼ 1.67; P distribution for supersonic nozzle, isentropic.

been computed at the nodes, and these values are shown by circles.
Karki23 solves this test case using a quasi-one-dimensional algo-
rithm. The ability of the current method to predict the location and
the strength of the shock is notable. The smearing in the front of
the shock is due to the integrationpoint temperaturecalculation.On
the other hand, the two dimensionality of the � ow is another issue
that may affect the agreement between the two solutions.17 A total
of 182 time steps were executed to achieve the rms iteration change
of 10¡5 for the dependent variables.

Conclusion
A new procedure was developed for solving compressible and

incompressible � ows. Momentum components, pressure, and tem-
perature were selected as dependent variables in a control-volume-
based method. Convected integration point equations were derived
by treating the nonconservative form of the governing equations.
Mass conserving equations were extended by the combination of
momentum and continuity equation errors to completely suppress
the decouplingproblem.The incompressibleand compressibleparts
of the algorithm were separately validated by solving cavity � ow,
entrance � ow, and converging–diverging nozzle � ow and compar-
ing their results with those of benchmark solutions and with other
workers’ available results. The compressible part of the algorithm
showed excellent performancein solving to very low Mach number
� ows. The robustness of the momentum component procedure in
achieving reliable results even on coarse grids is noteworthy.
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